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ON ZEROS OF THE NUMERATOR AND DENOMINATOR POLYNOMIALS
OF THIELE’S CONTINUED FRACTION

M. M. Pahirya UDC 517.518:519.652

We prove that the polynomials of canonical numerators and denominators of the interpolation and approx-
imation convergents of Thiele’s continued fractions have no common zeros. It is shown that the conver-
gents of Thiele’s continued fraction form a staircase sequence of normal Padé approximants. The region
containing zeros of the denominator polynomial of the convergent of Thiele’s continued fraction is also
determined.

1. Introduction

A function of one real or complex variable can be interpolated by a polynomial, a spline, a Padé approximant,
a continued fraction, etc.

It is known that the first works on the interpolation of functions by polynomials were written by Gregory and
Newton as early as at the end of the 17th century. The subsequent development of the theory of interpolation of
functions by polynomials was connected with the works by Waring, Lagrange, Euler, Chebyshev, Markov, Borel,
Runge, Bernstein, Faber, Marcinkiewicz, and many other mathematicians.

For the first time, the problem of interpolation of functions by continued fractions was studied by Wrénski
in 1811 and 1815-1817 [1, 2]. These works remained unknown for a long time due to the absence of references
to Wronski’s results in the monographs by Thiele [3] and Norlund [4], where the problem of interpolation was
thoroughly investigated. The unique reference to Wrénski’s works was made in the book [5] devoted to the history
of continued fractions and Padé approximations.

Despite the fact that the analysis of Thiele interpolation continued fractions was given in the textbooks [6—8]
and monographs [9—12], the number of works devoted to the interpolation by continued fractions and the methods
of decomposition of functions in continued fractions is much smaller than the number of works dealing with the
theory of approximation of functions by polynomials, splines, or Padé approximants. There are numerous unsolved
problems in the theory of approximation by continued fractions. Some of these problems are connected solely with
continued fractions.

In the present paper, we consider the problem of zeros of the canonical numerator and denominator of the
Thiele interpolation continued fraction and Thiele continued fraction. In particular, we prove that the numerator
and denominator polynomials do not have common zeros. We substantiate the fact that the convergents of the
Thiele continued fraction obtained as a result of decomposition of a function in the Thiele continued fraction with
the help of the Thiele formula form a staircase sequence of normal Padé approximants. We also determine the
region of zeros of the denominator polynomial of convergent to the Thiele continued fraction.

2. Continued Fractions

We now present necessary facts from the theory of continued fractions.
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Definition 1 [13]. An infinite continued fraction is a triple [{a}5°, {be}§°, {Dr}§°] of sequences, where
the elements by, ai, by, ar # 0, k € N, are complex numbers and Dy, Dy, k € N, are elements of the extended
complex plane C = C U {oo} specified as follows: If a sequence of Mobius transformations

so(w) :=bg+w, sp(w):=ag/(by+w), keN,

is given, then

Dk 22800810...08k(0).

It follows from the definition that a finite continued fraction D,, has the form

aj
Dn == bO + )
by + 1
"y + )
- ap
+ b
which can be rewritten in the concise form as follows:
" a ai as a
Dy =bo+ KK 7% = by + —. M

e 0 bt byt ot by
Similarly, an infinite continued fraction has the following concise form

a1 az ag

+ = = — : 2
b byt bt @

ooak
D=b+ K==
0 k[:(lbk

The finite continued fraction (1) is called the nth convergent and the nth approximation of the continued
fraction (2). A sequence of continued fractions {D,} is associated with sequences of complex numbers {P,}
and {Q,} given by the following system of linear difference equations of the second order [9]:

Q-1=0, Qo=PFP_1=1, Py = bo,
P, =b,P,1 + anPy_2, Qn = annfl + anan% n € N.

The numbers P,, and @, are called, respectively, the nth canonical numerator and the nth canonical denom-
inator of convergent (1), i.e., D,, = P, /Q,. The canonical numerators and denominators of the convergents D,,
and D,,_; satisfy the determinant formula [9]

n

PoQn-1 = PoaQn=(-1)""] i 3)

i=1

The continued fraction (1) can be also represented in the form of the ratio of two continuants.
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Definition 2 [14]. A determinant of the form

bi a1 0 0 0 0
—1 b1 a2 0O 0 0
0 -1 b2 ai43 0 0
HO=|0 0 -1 bgs ... 0 0| i=0n mneN,
0 0 0 0 bn—1 an
0 0 0 0 -1 by

is called a continuant and can be represented in the following concise form:
. ai+1, Qi+2, --., an-1, Qn
H =K .
bi7 bi+17 bi+27 ey bn—la bn

It is known [15] that the relation

is true. A continuant has the following property:
Theorem 1 [16]. If an element ay of the continuant Hﬁf >, where i < k < n, is equal to zero and the other
elements of Hﬁf ) are different from zero, then

3. Zeros of the Numerator and Denominator Polynomials of the Thiele Interpolation Continued Fraction

Assume that a function f is given on a compact set Z C C. On the set of interpolation nodes Z = {zz :
2 € Z, 2z # zj, i # j, i,j = 0,n}, the function takes values w; = f(z;), i =0, n.
The function f on Z can be approximated by a Thiele interpolation continued fraction of the form [3, 4]

Pn(z) " 2 — Zi—1
n(2) () bo + i[/i T bijeC, i=0,n 5)

The coefficients b;, © = 0,n, of the Thiele interpolation continued fraction are determined either from the
interpolation condition D,,(2;) = w;, where i = 0,7n, or in terms of the inverted divided differences, or according
to the recurrence relation in the form of a continued fraction [4, 17].

It is known that the numerator P, (z) and denominator Q),,(z) of the Thiele interpolation continued frac-
tion are polynomials whose degrees satisfy the inequalities deg P,,(z) < [(n+ 1)/2] and deg Qn(z) < [n/2].



134 M. M. PAHIRYA

The polynomials P,(z) and Q,(z) are expressed in terms of the elements by, b;, z — z;_1, i = 1,n, by the
Euler—Minding formula [17, 18]:

n—1 n—3 n—1 n—>s n—3
P.(z) = BI" (1 Y X))+ ) Xi(2) D Xip(2)+ Y Xi(2) Y Xi(2)
=0 11=0 i9=11+2 11=0 i9=11+2
n—1 n+1-21[ n+3—21 n—1
XY X2+ D Xa(2) DY Xi(2)... ) Xl-l(z)>, (6)
13=12+2 11=0 log=11+2 1=t _1+2
n—1 n—3 n—1 n—>5 n—3
Qu(z) = B (1 XY X0 () Y X))+ Y Xi(x) Y Xi(2)
=1 i1=1 i0=11+2 i1=1 i9=11+2
n—1 n+1—-2m n+3—2m n—1
x> X)Xz Y X)) Xz-m(z)), @)
13=12+2 i1=1 i2=11+2 Im=lm—1+2
where
n+1 n e R m_ T
= = |= X, = , =0,n—1, B;" = b;, k=0,1.
[ 2 ]7 " [2}’ bibiei " F 211
We introduce the continuant
. Z—RZjy % —Zj41y -y & —Zj—1
T () = K ), i< (8)
bi, bi+1, biJrQ, N bj

Then the Thiele interpolation continued fraction (5) is expressed in the form (4) of the ratio of continuants (8)
as follows:

T (2)
Ti (2)

D, (z) =

Theorem 2. If, for some value n € N, the coefficients of the Thiele interpolation continued fraction (5) are
finite and not equal to zero and the function f takes nonzero values at the nodes, i.e., f(z;) # 0, i = 0,n, then the
polynomials of the numerator P, (z) and denominator Q,(z) do not have common zeros, i.e., P,(z) and Q,(z)

are coprime polynomials over the field of complex numbers and P, (z)/Qn(z) is an irreducible rational fraction.

Proof. We proceed by induction. For n = 1, the polynomials in the numerator P;(z) = bgb; + z — zp and
denominator QQ1(z) = b; do not have common zeroes. For n = 2, we get

PQ(Z) = b0b1b2 + bz(z — 20) + bo(z — Z1) and QQ(Z) =biby + 2z — 2.

In view of the determinant formula (3), we get

Py(2)Q1(2) — P1(2)Q2(2) = —(2 — 20)(2 — 21).
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Since P;(z) and Q1(z) do not have common zeros, the nodes zp or z; can be common zeros of the polynomials
P,(z) and Q2(z). Itis easy to see that 2y and z; are not common zeros of P5(z) and Q2(z).

Assume that, for n = 0,k — 1, the polynomials P,(z) and @,(z) do not have common zeroes. Thus,
for n = k, it follows from the determinant formula that

Pr(2)Qr-1(2) = Pro1(2)Qr(2) = (=1)* (2 = 20)(z = 21) ... (2 = 2-1).

By the induction assumption, the polynomials Pj_1(z) and Qx—_1(z) do not have common zeros. Thus, only

one interpolation node zg, z1, ..., 2x_1 can be the common zero of the polynomials P(z) and Qx(z). Let zs,

0 < s < k — 1, be one of the nodes. Then the continuants T,<€0>(zs) and T,i”(zs) are equal to

T<0>( ) K ( Zg T R0y -y Rg — Rg—1, 0, Zg = Rgdly ey Zs—zk1>
Lk \Fs) = :
b07 bl; ey bs, bs+1, b5+2, ey bk:
T<1>( ) % ( Zg — Rly -y Rg — Rg—1, 0, Zg = Rgdly ey Zs—zk,_1>
z =
k S
bly b27 ey bs, b5+1, b5+27 ey bk

By Theorem 1, we obtain

This implies that

By the the induction assumption, the polynomials P;(z) and Q;(z), ¢t = 0,k — 1, do not have common zeros.
Thus, the node z; is not a common zero of Py (z) and Q(z). Since z; is arbitrary, we conclude that the indicated
polynomials do not have common zeros. Hence, the theorem remains true for n = k.

4. Zeros of the Thiele Continued Fraction

It is known [3, 4] that, in the limit case, the Thiele formula, which is an analog of the Taylor formula in
the theory of continued fractions, can be obtained from the Thiele interpolation continued fraction (5). If the
interpolation nodes zo, 21, ..., 2 — 2, where z, € Z, then the limit value pg[zo, 21, ..., 2x; f] of the inverse
difference of order k£ is called the inverse Thiele derivative of order k for the function f at the point z, on the
compact set Z and denoted by * f(z,), i.e.,

®) f(ze) = lim P20, 215y 25 f], k€N

20921y Rk~ 2%

The inverse Thiele derivatives are given by the following recurrence relations [3]:
Of(z) = k- D (VF(2)) + 0 f(2), ke Ny =N\{1},

(O)f(z*) = f(z), (1)f(z*) = 1/f’(z*)
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If a function f has the inverse Thiele derivatives up to the nth order, inclusively, in a certain neighborhood of
the point z,, then, by the Thiele formula, it can be represented in the form

2 — Zx Z — Zx 7T R 7T A
T =0 DG "ol D T b ) T R )

where R, (z; f) is the remainder of the continued fraction. The coefficients b;(z; f) are expressed in terms of the
inverse Thiele derivatives as follows:

bO(Z*;f) :f(z*)a bl(Z*,f) :(1)f(z*)v
bn(2e; f) = W f(z) = " f(2), n€Na

If a function f has infinitely many nonzero inverse Thiele derivatives in a certain neighborhood of the
point z = z,, then we get the following decomposition of this function in a formal Thiele continued fraction:

F&) =t Ky oy ©

The properties of the inverse Thiele derivatives, some examples of decompositions of the functions in contin-
ued fractions with the help of the Thiele formula, and the substantiation of the domains of convergence and uniform
convergence of the obtained decompositions can be found in [3, 4, 10, 17, 19].

We now represent the convergent D,,(z; z«, f) of the Thiele continued fraction (9) in the form

Pn(Z7 Rk f)
Qn(z; Zxs f)

z—z*

Dn(Z;Z*,f): Z* f)

- bO Z*7 (10)

\\7“:

where the polynomials in the numerator P, (z; z«, f) and in the denominator @,,(z; z«, f) can be expressed via
the elements b;(zy; f), @ = 0,n,z — z, of the Thiele continued fraction (10) by the Euler-Minding formula (6),
(7) as follows:

Po(2; 20, f) = BW<1+ Z— 2 ZA (2 —2) ZA“ Z Aj,

11=0 i9=11+2

n—>5 n—3 n—1
+(Z—Z*)32AZ’1 Z Aig Z A23+

11=0 10=11+2 i3=12+2

n+1 21 n—+3—21[ n—1
(z—2)" D> Ay D> Ay > A,-l>, (11)

i1=0 19=11+2 =1]_1+2

Qn(z; 24, f) = B[n]<1+ A ZA+ Z = %) ZA“ Z Aiy

11=1 12=11+2
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n—>5 n—3 n—1
+(Z—Z*)SZAZ‘1 Z A, Z Aig+ ...

i1=1 io=11+2 i3=10+2

n+1—2m n+3—2m n—1
Fl—z)™ Y Ay Y A Y Aim), (12)

11=1 12=11+2 Im=tm—1+2
where
1 R [n] i {n + 1} n
A = , 1=0,n—1, B/ = bi(ze; f), 1= , m:[f]
bi(z*§f) bi+1(z*;f) : H ( f) 2 2

Theorem 3. If the coefficients by, = by(z«; f), k = 1,n, of convergent (10) are finite and nonzero and,
moreover, f(z.) # 0, then the canonical numerator P, (z;z., ) and the canonical denominator Q,(z; z«, f)
do not have common zeros, i.e., Pp(z; z«, ) and Qn(z; z«, f) are coprime polynomials over the field of complex
numbers and P, (z; zx, [)/Qn(2; z«, f) is an irreducible rational function.

Proof. We proceed by induction. For n = 1, we see that the polynomials Pj(z; z., f) = bob1 + 2z — 2, and
Q1(2; z«, f) = b1 do not have common zeros. Further, if n = 2, then

Ps(z; 2, f) = bob1ba + (bo + b2) (2 — 2«)
and Q2(z; 24, f) = biba + 2z — 2. According to the determinant formula (3), we find

Py(2; 2, [)Q1(2; 20s ) = Pu(25 20, [)Q2(21 20, f) = —(2 — 22)°.

Since the polynomials Pj(z; z., f) and Q1(z; 24, f) do not have common zeros, we conclude that only z, can
be a common zero of Ps(z;zs, f) and Q2(z; 2«, f). However, z, is a zero neither for P5(z;z, f), nor for
Q2(2; z«, f). Thus, the theorem is true for n = 1, 2.

Assume that the theorem is true for n = k — 1. For n = k, the determinant formula takes the form

Pk(z7 Rk f)Qk—l(za Zxs f) - Pk’—l(z; By f)Qk(za ) f) = (_]‘)k_l(z - Z*)k

By the induction assumption, P_1(z; 2«, f) and Qk_1(2; 24, f) do not have common zeros. Only z, can be
a common zero of Py(z; z«, ) and Qx(z; z«, f).

It follows from relations (11) and (12) that Py (zs; 2, f) = B([)k] and Qg (2z4; 24, f) = BW. Thus, z, is not
a zero of polynomials in the numerator Pj(z; z«, f) and in the denominator Qg (z; 2z, f). Hence, the theorem
remains true for n = k.

Remark 1. In the monograph [20], a similar statement was proved for the case of continued RIT-fractions.

5. Sequences of Padé Approximants for the Thiele Continued Fraction

It is known [21] that if a function f is given by a formal power series

f(2) =), (13)

=0
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then the Padé approximant [L/M]y of the function f is defined as an irreducible rational function
R () = PIEA(2) QU ),

where QI“/M](0) = 1, satisfying the relation
REM(2) = f(z) + O (2L

A two-dimensional array of rational functions { RIM/Ll(2), L, M € NU{0}} is called the Padé table for the
formal power series (13). A Padé approximant [L, M]; is called normal if

deg PIE/MI(2) = I, and deg QIF/M(2) = M.
We rewrite (11) and (12) in the form
Py (z; 2, [)(2) = pi(w) = wtaw M+ ta_w+ . 4 aw+ a, (14)

Qn(z; 24, ) (2) = gm(w) = w™ + biw™ '+ .. 4+ by, W+ .. +byw+ b, (15)

where

n+1-2s n+3—2s

n—1
a=B",  a,=B" S A, Y A, Y A, s=TI-1, l—[ngl},

11=0 i2=11+2 1s=ls—1+2

n+1-2k n+3—2k n—1 n
bu=B"  bu=B" S 4, Y A,... Y 4, k=Tm-1, m= H (16)
i1=1 ip=i142 ip=ip_1+2
W = 2 — Zx, Alzl/blbprl
Theorem 4. If, for each value n € N, the coefficients by, k = 1,n, of the continued fraction (10) take finite

nonzero values and by = f(z.) # 0, then the sequence of continued fractions {D,,(z; z«, )} form a staircase
sequence of normal Padé approximants

{R[O/O] (w), RN w), RV (w), RPN (w), R/ (w), .. }

of the function f.

Proof. 1t follows from (14) and (15) that
Dy(2; 2, f) = RY™(w).
By Theorem 3, the polynomials p;(w) and g, (w) do not have common zeros and, hence,

RU™(w) = py(w) /gm(w)
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is an irreducible rational function. It is easy to see that
gm(0) = Bgn] # 0.

We divide the polynomials p;(w) and ¢, (w) by Bgn]. Hence, RY/™(w) = pj(w)/Gn(w) is an irreducible
function and G,,(0) = 1. It follows from (14) and (15) that deg p;(w) = [ and deg ¢,,,(w) = m. In [22], it was
proved that the Thiele continued fraction (9) also has the formal power series (13). Therefore,

R[l/m](z —2) = f(2) + O(zl-i-m—&-l).
Thus, the sequence {RW M (w) = Dy (z; 24, f )} is a sequence of normal Padé approximants of the function f.

6. Domain of Zeros for the Denominator of the Thiele Continued Fraction

Consider a domain of the complex plane that contains all zeros of the canonical denominator @Q,,(z; z«, f) of
the Thiele continued fraction (10). We use the following statement:

Proposition 1 [23]. Suppose that p,(z) = 2" + iz 4+ 41zt e, isa polynomial with nonzero
coefficients and that z;, 1 = 1, n, are zeros of this polynomial. Then
} . 17

Theorem 5. If the coefficients b; = b;(z«; f), @ = 1,n, of the Thiele continued fraction (10) are nonzero,
then the zeros of the canonical denominator Q,(z; z«, )(z) of the Thiele continued fraction for n > 4 lie in the
disk of radius ry centered at the point z., where

C2

_ c3
=7 < e, 2|2, 2|2
1%1%\21\ ro < max{ lea], -

C2

C2| 2,2

)
Cn—2 Cn—1

>, _ < o *\n—2
1r§niz%)7<n|zZ zel =11 _max{2(n 1)(b*)" =,

(n—2)(n —3)
(n—1)02 p}’

b* /b)) for b* /b, >1,

b* = max [by], b = min b, p=
1<i<n 1<i<n

(b* /b )" 2™ for b* /by < 1.
Proof. According to (15), the canonical denominator
Qn(z§ 2 f)(z) = Qm(w)

is a polynomial of degree m with leading coefficient equal to one. The coefficients b;, ¢ = 1, m, of the polyno-
mial ¢,,(w) are not equal to zero. According to Proposition 1, the roots of this polynomial w;, i = 1,m, satisfy

inequality (17). If follows from (16) (see [24, 25]) that the coefficient b,,,_; is the sum of (n ; k) products of
n — 2k factors A; Ai, .. A, -
We have
_ +2—2k)(n+1—2k) [b*\"F
< (n—1)(b*)"2 % | < Z k=2,m.
el < e =DE T S T rm R b, ’ !
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By using (17), we get

C2

ry < max{Z\cl\, 2 o c
1

, 2
C2

Cm—1 Cm

2

|

E\TI— 2(n—2)(n_3) b* n—4 2(%—4)(%—5) b* n—6
< max 200 = D", 5o <b> =T <b>

Cm—2 Cm—1

2(n+4—2m)(n+3—2m) (B*\"T" (n42-2m)(n+1-2m) (b*\""
(m—1)(n+2—m)b? b ' m(n+1—m)b? b

Let n be fixed. We consider an auxiliary function

(n+1-2x)(n+2—2z)

g(x) = P o :

x € R =[2;m].
The derivative of the function g has the form

222 — (2n2 4 6n + 4)x +n> + 4n? + 5n + 2
22(n+1—1x)2 )

g(z) =~

On the segment R, the denominator takes only positive values. The numerator is equal to zero if

(n+1)(n+2—+vn?+2n) 2y — (n+1)(n+2+vn?+2n)

Il = B s B .

Since (n?+2n) > n?, wehave 1 < n+1. Thus, ¢’(z) < 0 for z € R, and the function g(z) monotonically
decreases on R and takes the maximum value for z = 2.

By using (17), we get
sn—2  (n=2)(n —3)
Smax{?(n—l)(b) 2,(n_1)b?kp}.

ry < max{2|cl|, 2 2—2

Cm—1 Cm

2

Cm—2 Cm—1

Remark 2. The zeros of the canonical denominator @y, (2; z«, f) for n = 2,3, 4 can be found directly.
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