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INVESTIGATION AND ANALYSIS OF THE MATHEMATICAL MODEL OF THE
KINETICS OF ADSORPTION OF SUBSTANCES BY POROUS ADSORBENTS
USING CONTINUED FRACTION

PELEKH R. YA.!, MENTYNSKYI S. M.!, IHNATYSHYN M.L%, PELEKH YA. M.!
! Lviv Polytechnic National University
2 Mukachevo State University

One of the modern scientific methods for investigating phenomena and processes is mathematical
modeling. In many cases it allows replacing the actual process and makes it possible to obtain both a qualitative
and a quantitative picture of the simulated process.

Since the exact solutions of the mathematical models studied can only be obtained in individual cases, it
is necessary o use approximate methods that were optimal in accuracy, economic, and well reflected the basic
properties of the problem posed.

In applied mathematics, fractional-rational approximations have become widely used, which, under
appropriate conditions, give a high rate of convergence of algorithms, two-sided and monotonic
approximations, and have a weak sensitivity to rounding errors.

The paper proposes two-sided Runge-Kutta methods of the first, second and third-order accuracy. The
pairs of formulas corresponding to two values of @ that differ only in sign form formulas of the two-sided
method, since one of them gives the upper and the second the lower approximation 1o the exact solution. For an
approximate solution we take the half-sum of the two-sided approximations. By means of this numerical methods
it is possible to obtain on each step of integration not only upper and lower approximations to the exact
solution, but also information concerning the magnitude of the leading term of the error without the need for
additional calculations in right side of the differential equation.

Ifweset @ =0 inthe proposed calculation formulas, then without additional calculations of the right-
hand side of the differential equation, we obtain methods of the second, third, and fourth order of accuracy,
respectively.

The modular character of the proposed methods makes it possible to obtain several approximations to an
exact solution at each integration point.

The proposed two-sided methods were used to study the kinetics of adsorption of substances by porous
adsorbents. Numerical results showed that with increasing the adsorption process passes much faster.

If a =0, thento the growth O process is insensitive. But if a # 0, then with an increase & in the
adsorption process slows down. This makes it possible to rationally establish the time during which it is
advisable to contact the adsorbent particles with the medium from which the target component is absorbed.

Key words: mathematical model, adsorption kinetics, numerical methods, continuous fractions, two-sided
approximations.

Problems involved in the construction and investigation of mathematical models of
physicochemical, biological and economic processes, problems of multidimensional
optimization, electronic, kinetics, etc lead to the need to solve nonlinear differential equations
and its systems.

In many applied problems, the problem arises of obtaining a result with guaranteed
accuracy. In this paper we propose explicit two-sided formulas for finding an approximate
solution of the Cauchy problem for ordinary differential equations. Two-sidedness and the
necessary accuracy over the entire interval is provided by variation of the parameters @ and
h (w - the two-sidedness parameter, 4 - the integration step).

Methods involving continued fractions process weak sensitivity to rounding error, and
correctly represent the fundamental properties of the solutions of the particular type of
problems that are under investigation. The process of calculating continued fractions is easily
programmed.

Objects and methods of investigation. A research object is initial value problem for
ordinary differential equations. A problem of construction of numerical methods for the
solution of Cauchy problem for ordinary differential equations, that are based on the
continued fractions, is the actual problem of computing modeling.
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The purpose of the study is to develop new computational methods for the numerical
solution of the Cauchy problem for ordinary differential equations.

Formulation of the problem. A new technique for the construction of numerical
methods based on continued fractions is proposed.

Using the proposed bilateral methods, a mathematical model of the kinetics of
adsorption of substances by porous adsorbents was investigated.

Results and its discussion. Adsorption kinetics porous adsorbent materials associated
with the diffusion of substances in two environments - space in the porous adsorbent and the
adsorbed phase (diffusion in the pore walls).

The corresponding mathematical model described by differential equation [1]:

ac, +¢c,) & . (oc, 2 &c,
—_—l D ! +—-—’ s 1
ot ; Yot r o or M
C,|, = const, oG 95 =0,
r r=0 6}‘ r=0

where C, - the concentration of adsorbed substance in the porous adsorbent space; C, -
the concentration of the same substance in the adsorbed phase; D,- diffusion coefficient
adsorbed substance in space; D, - diffusion coefficient adsorbed on the pore walls of the
substance; R - radius; - creeping radius; - time.

Communication between C,and C, describes the equilibrium equation

_ CC,
e, -¢’
where C_- adsorbed capacity (adsorbed concentration values which would be at

(2)

C, > o), C,- concentration of the substance in which in the adsorbed phase Capacity is

1 . . . . .
reached C, = ECw . After the introduction of dimensionless quantities

C
X=——C2 , Y=—C1 , S=—2,
C, C, C,
D, Dyt y
a=—"=, T=—r, =—, 3
] e 9= (3)

equation (1) becomes:

slx+y) &Y 20y [(&’X 20X
=——+—+a —+—=—. @)
ot op° @ op 9" @ Op
From (3) we find that
&Y
=" 5
% (5)
Substituting the value of (5) in (4) we obtain the problem:
X _s+a(-x)(a°x 20X, 25 axY ©
or  s+(-Xx) (89> ¢op) (I+X)+8(1-X)\8¢p)
X1 _0, x(0,0)=0, X(r1)=—0"_
0ol J + const

AKypnan nayxoeux npaus Ne22(17)°2017



1)

ant
“he

1,

I

Haykoguii gicnux MykauiecbKozo 0epycagrnoze ynieepcumenmy 9

nggoduuui I mexHiuni Hagku

The parameters and change intervals:
0<a<10?, 107 <6<10™,

As a result of solving the problem (6) established the distribution concentration in the
bulk porous adsorbent particles. However, because of the smallness of the particle size (its
diameter - 3 mm) can be set only experimentally Capacity adsorbed substance in the particle
at a time. Therefore immediate interest is integral

i
w=3[X¢'dp . (N

Task (6) is reduced to a system of ordinary differential equations and approximations
obtained by using Simpson's formula is calculated integral (7).

Methods of solution. In this paper the bilateral numerical algorithms for solving the
Cauchy problem for ordinary differential equations of the first order:

Y=rey) )=y, xelox+Ll, ()
where y(x) - valid m - component vector, f - real function of a vector of dependent and

independent variables and assume that the function f has the necessary smoothness.
These formulas are constructed so that local errors this schemes in each point looked

like:

R = y(x,, )= Vi = o KF (f) + O™ O
where y(x,,,) and y, , is the exact and approximate solution of the problem (8), 4 -
the integration step, F(f) - some differential operator computed at the point (x,,y,), K - a

constant, p - the order of accuracy, - a two-sided parameter.

Nested two-sided methods are deduced which make it possible to obtain at each step not
only the upper and lower approximations to the exact solution, but also the error estimation of
the obtained results without additional calls to the right side of the differential equation
favorably differ from traditional two-sided methods [2-5].

The algorithm for component wise realization of the method for solving the initial
problem for a system of ordinary differential equations (8) is as follows.

An approximate solution of problem (1) is sought in the form of a continued fraction
[6.,7]:

Pn[kJ]
] = g (10)
where pll = i
[A i qu . qkq,o
1+ £l
1
+._'+ 9y
1+g,,

Expressions for g, the case k+/=14 (k=14; /=03) are as follows:

DPw . _ 75
9,0 =1, 9io = qu—mO k; s i=14,

m=1

_ q|'+1,0 - _
4y =~ d V=13, G, =G0 =91 #=12
1.0
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q;, >
di3 =1 = P = hzamiki’ p=k+l, (11)
i=1

1,2
-1 1-1
k= f(x, +oh, y, +h> Bk), o, = Zﬂ,j,
J=l J=1

where £ - the integration step (4= x,41~x,, n=0,1,2,...), a;, @; fB; - parameters.

To construct two-sided computational formulas of the first order of accuracy, we
consider formulas (10), (11) for

k=2, 1=0:
LR — (12)
1+ 910 T4y
and k=1, I=1:
bl =, (13)
L
1+41,1

where 1o = —h(a, k, + a12k2)/yn >

90 = {hz(a“kl + a,2k2)2 e (aZIkl +ayk, )h}/yf

_ h(a k, +a,k,)? _yn(a21k1 +a22k2)
Vo (ayk; +ay,k;)

k= f(xn’yn)’ ky = f(xn +ayh, y, + ﬂzlhkl)'
Here are the parameters for bilateral computational formulas of the first order accuracy:

>

qd11

20
a1 =—dx, @ =" Par=ay, ay #0, (14)

where local error in each nodal point is estimated as follows:
RPI(f)= a)f(g+ f@:]hz = ohlk, -k )/ e, .
Ox oy

Construct bilateral computational formula of the second order accuracy. For this we
consider formulas (10) - (11) when k+/=3 (k=13; [ =0,2), thatis

n if k=3,1=0
oot ot drotdsp
n — i k=21=1
y,[zl;i] =190t 9,0t — (15)
1+4g,,
ynq R lf‘kl‘l,l:z
%,o"'—%—
1+._.L
L 1+q1,2

— " ———— — — —— . __________——___________ ]
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1 Here is one set of parameters bilateral method second order accuracy:

@y =1+ 013(—a3——az), a =-2 a3,
as az
) = 2ap3(@3 — e )-as(1+ 0)
2ap ’
ayy = 0(2(1 + a))—2a23a3 , a3 = 2a33(a3 - 062)+ ] ’
we 20 2ay
_ Zapmve o @-3e)
432 2a2 » 4 60!3(61’3 —0(2) 413~ 423
12) ﬂ32=a3—(a3l2), B =az, B31=a3- P32, (16)
(2% (2 - 30/2)
where a3, ap3are arbitrary numbers, ay,e3 - parameters, and
03 0{20{3(Ol3 —a2X2—30(2)(3013 —2)?3 0.
3) Local error is estimated as follows:
Rm(f) = a)th’;zz k, (kz - kl)/(azyn—l)+ 0(h4 )
As an example, we give a specific set of coefficients for a two-sided method of the third
order of accuracy (see. (10)-(11)at k = 4,1 = 0):
1 1
a, = fy =5, ay = fy :5> By=0,a,=F5=1, f,=0,=0,a,=0a,=1,
1 2
Uy =03 =0y, =0y =03, =0, 0, =-1, ay, =g+250, as =—20)—§-, ds3 =§_2a)a
M Ay = g+2a), a, =a, =-20, a,, =a,, =20.
) The main member of the local error has the form (see.(9)):
4
R¥(f)= 21 a, k, +0().
i=1
Two sets of formulas corresponding to two different in sign values o, constitute
e computational formulas of the two-sided method. We take the half-sum of two-sided

approximations for an approximate solution at each node point of the segment, and the
modulus of the half-difference gives an estimate of the error. With variations in parameters
wand h achieved the required accuracy bilateral algorithms on the interval 7, .

Numerical results. The problem (6) was reduced to a system of ordinary differential
equations (the Cauchy problem) and, using the approximations obtained, using the Simpson
formula, we calculated the integral (7).

Note that the attempt to solve the problem using the DIFSUB program did not give

) satisfactory results. For example, if X(7,1)=0.99, §=107, «>5-10" negative values of
concentration appeared, which was not observed when using the proposed bilateral methods.

The numerical calculations showed that with increasing the adsorption process passes
much faster. If o =0, then to the growth & process is insensitive. But if o # 0, then with an
increase J in the adsorption process slows down.

This makes it possible to optimally determine the time during which it is expedient to
contact the adsorbent particles with the medium from which the target component is adsorbed
(see. Fig.1).

L. "
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0 T T T T > T

1 2 3 4
Fig.1. The dependence of Won 7 and « .

Conclusions. The new bilateral numeral methods first, second and third order of
accuracy for the solution of Cauchy problem for ordinary differential equations and its
systems are constructed. These formulas make it possible to receive in each node not only the
upper and lower approximations to the exact solution, but also information concerning the
magnitude of the leading term of the error without the need for additional calculations of the
right-hand side of the differential equations.

Using the proposed bilateral methods, a mathematical model of the kinetics of
adsorption of substances by porous adsorbents was investigated.
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AHOTAUIA

JIOCJDKEHHS 1 AHAJII3 MATEMATUYHOT MOAEJI KIHETUKU AXCOPBIIT
PEYOBUH ITIOPUCTUMH AICOPEEHTAMM 3 BUKOPUCTAHHSIM JIAHIIOI'OBUX JIPOEIB

OOHUM 3 CYHACHUX HAYKOBUX MemOo0is 0CAIONCEH S 8ULY MA NPOYEC8 € MAMEMAMUUHE MOOENIOBAHHA.
Bono & bacameox eunadkax 0038015¢ 3aMIiHUMU pealoHUl npoyec | 00 MOJICAUGICING OMPUMYSAMY K SKICHY
maxk i KibKiCHY KapmuHy M00e1b08aH020 npoyecy.

Ockineku moyHi po3g asku O00CTIONCYBAHUX MAMEMAMUYHUX MoOelell 80acmbCsa ompuMamy e 6
OKpeMux unadkax, mo HeobXIOHO BUKOPUCMOSY8AMU HAOIudICeHi Memoou, siki 6 6y1u OMMUMAToHi O
MOUHOCH, eKOHOMIYHUMU ma 0o6pe 8I00GpaxCcaIu OCHOGHI 8NACMUBOCMI NOCMABNEHOT 3a0auUi.

B npuxnaduific mamemamuyi WUpokozo 3aCMOCY8anHs. HAOYAU Opo606o-payioHanbHi HAOAUNCEHHS, AKi
npu GIONOGIOHUX YMOBAX OQIOMb GUCOKY WEUOKICIMb 36incHOCMI aneopummis, 080CMOPONHI | MOHOMOHHI
HAORUICeHHS Ma MAIOMb CIabKy Yymaugicme 00 NOXUBOK 300KPY2NEHHSL.

B pobomi npononytomecs 0socmoponni memoou muny Pynze-Kymma nepuiozo, Opyzo2o ma mpemvo20
nopadky mourocmi. Ilapu opmyn, wo gionogidarome 080M 3HQUEHHAM () , AKi GIOpIZHAIOMbCS Juuie

Y _____——_________________ |}
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3HAKOM,CKAA0aIomb POPpMYNU OBOCHIOPOHHBLOZO MEMOOY,0CKINbKU OOHA 3 HUX OQE BEPXHE, a Opy2a — HUJICHE
HabnudIceHHsT 00 MOYHO20 po038’s3ky. 3a HabnusceHull po36’s30K NPUUMAEMO higCYyMy O80CMOPOHHIX
HabnudiceHs. 3a ONOMO2010 YUX HUCTO8UX MeMOOI8 HA KOHCHOMY KPOYI IHMEZPYBAHHS MOJICHA 0OYLUCNIOBAMU HE
MINLKY 6EPXHE | HUDICHE HAONUNCEHHA 00 MOYHO20 PO36’A3KY, A 1 OMpUMYsamu iHgopMayilo npo eruduHy
20108H020 unena noxubku 6e3 do0amkogux 38epmaHes 00 Npasol YacmuHU OUupepeHYianbHO20 PIGHSHHS.

Ao y 3anpononosanux pospaxynxoeux gopmyrax noxiacmu @ =0 , mo 6e3 dodamxosx obuucnens
npagoi yacmunu OUQePEeHYIanLHO20 PIGHAHHA, OMPUMAEMO 8IONOGIOHO MemoOU Opy2020,mpemboz0 ma
YemBEPIMO20 NOPsIOKY MOYHOCHL

Mooynenuil xapaxmep 3anponoHOBAHUX MemMO0ig 0ae MOJNCTUGICMbL 8 KOJICHIT mouyi iHmezpyeanns
OmMpUMamu KifbKa HAOGIUMICEHb 00 MOYHOZ0 PO38 'A3KY.

3anpononosani Osocmoponni memodu Gyau eukopucmani npu Qocnidoicenni Kinemuku adcopbyii
peucgun nopucmumuy adcopbenmamu. Hucnosi pezynemamu noxasany, wo i3 36ineuennsiv O npoyec adcopbuyil

npoxodums cymmeso weuduie. STkuwgo o =0, mo do pocmy O npoyec manowymnuguii. Ane axujo & # 0, mo iz

- of 36invuennsam O npoyec adcopbyii cnositbrioemscs. Lle dae Modicnugicms payionansHo ecmanosumu moil vac,
*ts NpOMAZOM SIKOZ0 00YineHO KOHmMAKMYsamu yacmunkyu adcopbenma 3 cepedoguieM, 3 K020 AdCopByEmbCs

h YinboBULl KOMNOHEHM.

e Kniwouosi cnoea: mamemamuuna modens, Kinemuka adcopOyii, uucenwni memodu, nenepepeni Opobuy,

the 080CMOPOHHI HABRUNCEHHSL.
“the

AHHOTAIIUA
of

UCCJENOBAHUE U AHAJIN3 MATEMATAYECKOM MOJEJIU AJICOPEIIMU BEILIECTB
MOPUCTHIMU ACOPBEHTAMU C UCHIOJIb3OBAHUEM IETHBIX IPOBEN
OO0HuUM U3 COBPEMEHHBIX HAYUHBIX MEmO008 UCCNe008aHA AGNIEHUH MAMEMAMUYECKoe MOOeTUPOBAaHYE,
f oy OHOo 60 MHO2UX CAyuasx NO36OASAEM 3AMEHUMb PealbHblll Npoyecc U 0Aem 60IMOJUCHOCHb NOTVUAHTL KAK
T KAYeCmeeHHYI0, MaK U KONUHECTBEHHYI0 KAPMUHY MOOCAUPYeMO20 npoyecca.

Hockonvky mounvle pewtenuss UCCAe0yeMblX MAameMamuyeckux moodenetl yoaemcs Noayuums Julis 8
7h. OMOENBHbIX CAYHASX, MO HEODXOOUMO UCHONL3I08ANY NPUOTUNCEHHBIE MEMOObl, KOMOopbie ObLU ONMUMATLHbIE
10 MOYHOCHY, IKOHOMUYECKUMU U XOPOUIO OMPANCANYU OCHOBHBIE C8OIICMEA NOCINABNIEHHOT] 300ayU.

B npuxnaduoil Mmamemamuxe wiupoxoe HpuMeHeHue NONYYutU OpobHO-pAYUOHANbHbIE NPUOIUICEHU,

in KOmOpble NpU  COOMBEMICMEYIOWUX YCAOGUAX OQiom  GbICOKYIO CKOPOCMb  CXOOUMOCMIU  Gn20pUmmos,
ool O08YCIMOPOHHUE U MOHOMOHHbIE NPUOIUdICEHUA U umMelom CAabyl HySCMBUMENbHOCMb K NOSPEUHOCMAM
OKpY2NIeHUs.

. B pabome npeonazaiomes 0sycmoponnue memoodvl muna Pynee-Kymma nepsozo, émopozo u mpembvezo

- nopsioka mounocmu. Tlapet oopmyn, coomeememeayiowux 06y 3nauenuam @, komopsie omnuu@oncs mosKo
L& 3HAKOM, COCMAagnsaIom (hopmyivl O8YCHMOPOHHE20 Memood, NOCKOTbKY OOHA U3 HUX Odem 8epxHee, A 8Mopas -
’ HUdiCHee NpUONUJCEHUe K MOYHOMY peutenuio. 3a  npubiudicenHOe peueHue NpuHuMaem NOMYCYMMY
-wal ogycmopornux npubnuscenuti, C NOMOWBIO IMUX YUCIEHHBIX MemoO08 HA KANCOOM uldze UHMEespUpOBaHuUs

MOJICHO BbIMUCTAMb HE MIONbKO 8EPXHEe U HUNCHee NPUONUMICEHUs K MOYHOMY DEUIEHUI0, HO U NOJyYamo

“anv uHbOpMaYuUIo O BeNUYUHE 2NABHO20 YAeHA NOZPeutHOCHY De3 OONO.THUMENbHBIX GLIMUCIEHUN Npasol wacmu

-2vo QughpepenyuanvHozo ypagHeHus.

Ecnu 6 npednoosicennvix pacuemmubix opmynax nonooicume @ = 0,, mo 6e3 OONOIHUMENLHBIX
8bINUCTEHUL NPABOT YacMU OUpOepeHyUarbHO20 YPABHEHUs!, NOIYUUM COOMBEMCIMBEHHO Memoobl 6MOPO20,
mpembez0 U Yemeepmozo nopAOKa MOYHOCHIU.

Mooyneubili  xapakinep  npediodiCeHHbIX Memo008 Odem  BO3MOJNCHOCWb 8  KadjCOou  mouke
UHMEZPUPOBAHUSA NOTYY UMb HECKOIBLKO NPUDTUNCEHUT K IMOYHOMY PEUleHUIo.

3 IIpednooicenneie dgycmoporrue Memodel GbL1U UCHOT6308AHI HPU UCCTE00BUHUY KUHEMUKU adcopbyuu
4;11 sewjecmg nopucmuimu adcopbenmanu. Yucnosvie pesyromamvl noxasaiy, umo ¢ yeenuvenuem % npoyecc
-7

’ adcopbyuu npoxodum cywecmsenno Guicmpee. Ectu® = O, mo xk pocmy d Npoyecc MaloyyecmeumenbHoil.
-6 Ho ecnu &# O,mo ¢ ysenuueHuem 6 npoyecc adcopbyuu 3amedisemca. Imo daem B0IMONCHOCHb
o POYUOHATBHO YCMAHOBUMb MO B8PEMs, 8 MeyeHue KOMOpozo yenecoobpasHo KOHMAKMUPO8AmMb Hachuljbl

) adcopbernma co cpedol, us komopoi abcopbupyemcs yeneaoi KOMNOHEHM.

I Knrwuesvie cnosa: mamemamuueckai MoOelb, KUHemukd aocopbyul, YucieHHsie Memoobl,
uHi HenpepuvlgHble OpobY, 08YXCMOPOHKUE NPUBIUdICEHUS.

z20

ue
—

Kypuan nayxoeux npays Ne22(17)°2017



MYKAUIBCHKUN JEP)KABHUU YHIBEPCUTET

89600, M. MykaueBo, ByJI. YAKTOPOJCbKa, 26
Tes./dakc +380-3131-21109

Be6-caiiT yHiBepcuTeTy: www.msu.edu.ua
E-mail: info@msu.edu.ua, pr@mail.msu.edu.ua

BeG-caiit IncTuTyniiiHoro penosurapiio Haykogoi 6i6riorexu MAY: http://dspace.msu.edu.ua:8080
BeG-caiiT HaykoBoi 6i6tioTexu MAY: http://msu.edu.ua/library/



http://www.msu.edu.ua/
mailto:info@msu.edu.ua
mailto:info@msu.edu.ua
http://dspace.msu.edu.ua:8080/
http://msu.edu.ua/library/

