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UDK 517.518: 519.652

M. M. Pahirq  (UΩhorod. nac. un-t)

OCINKA ZALYÍKOVOHO ÇLENA

INTERPOLQCIJNOHO LANCGHOVOHO DROBU TILE

An estimate of a remainder term of the Thiele interpolational continued fraction is obtained.

Poluçena ocenka ostatoçnoho çlena dlq ynterpolqcyonnoj cepnoj droby Tyle.

Vstup.  Zadaça interpolqci] funkcij odni[] dijsno] zminno] na promiΩku  [ α, β  ]
dobre doslidΩena u vypadku linijno] interpolqci], tobto koly interpolqcijna

funkciq vybyra[t\sq u vyhlqdi uzahal\nenoho mnohoçlena [1, 2]  g  (  x  ; f  ; c0 ,

c1 , … , cn ) = c0 
ϕ0 ( x ) + … + cn 

ϕn ( x ),  de  { ϕi ( x ) } — systema funkcij Çebyßova.

U vypadku nelinijno] interpolqci] funkcig  g ( x  ; f ; c0 , c1 , … , cn )  çasto vyby-

ragt\ u vyhlqdi aproksymaci] Pade [3] abo lancghovyx drobiv [4].  Vperße

interpolqcijnyj lancghovyj drib buv rozhlqnutyj v 1909 roci T. N. Tile [5].
Formula zalyßkovoho çlena dlq takoho drobu bula vstanovlena Í. {. Mike-

ladze [6].  Uzahal\nennq rezul\tatu Mikeladze dlq interpolqcijnoho lancgho-

voho drobu, koly çastynni çysel\nyky i znamennyky mnohoçleny, bulo otrymano

v roboti [7].  V danij roboti ob©runtovugt\sq novi ocinky zalyßkovoho çlena

dlq interpolqcijnoho lancghovoho drobu Tile (teorema 2 ta teorema 3).

Interpolqciq funkcij lancghovym drobom.  Formula zalyßkovoho çle-

na.  Nexaj funkciq  f ( x ) ∈  C(
 
n

 
+

 
1

 
)( [ α, β  ] )  i zadana svo]my znaçennqmy v toçkax

mnoΩyny  Λ = { xi : xi ∈ [ α, β  ], i = 0, 1, … , n, xi ≠ xj  pry  i ≠ j }.  Nexaj  yi = f ( xi ),
i = 0, 1, … , n.  NablyΩennq funkci] ßuka[mo u vyhlqdi funkcional\noho lan-

cghovoho drobu
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K ,

de  an ( x ), bn ( x ) ∈ C [ α, β  ],  ak ( x ) � 0.  Skinçennomu funkcional\nomu lancgho-

vomu drobu postavymo u vidpovidnist\ vidnoßennq dvox uzahal\nenyx mnoho-

çleniv
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= ( ) + ( )
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Iz klasu funkcional\nyx lancghovyx drobiv (1) vydilymo pidklas interpolqcij-

nyx lancghovyx drobiv (ILD), tobto takyx, wo zadovol\nqgt\ spivvidnoßennq
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K ,       i  =  0, 1, … , n. (2)

Qkwo funkciq  f ( x ) ∈ C(
 
n

 
+

 
1

 
)( [ α, β  ] ),  kanoniçni çysel\nyk  Pn ( x )  ta znamennyk

Qn ( x )  lancghovoho drobu (1) [ mnohoçlenamy,  deg Pn ( x ) ≤ n,  to zalyßkovyj

çlen interpolqcijnoho lancghovoho drobu zada[t\sq formulog [7]

r x f x
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n n x( ) = ( ) − ( )
( )

=
( − )

( + ) ( )
( ) ( )= +
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[ ]0
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11 ! ζ , (3)

de  ξ ∈ ( α, β  ).  Provedemo podal\ßi doslidΩennq ci[] formuly.

Kanoniçnyj znamennyk  Qn ( x )  lancghovoho drobu (1) vyznaça[t\sq çerez ele-
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menty c\oho drobu  ai ( x ), bi ( x )  za dopomohog formuly Ojlera – Mindin©a [8, 9]

Q x B x X x X x X x X x X xn
n

i
i

n

i
i

n

j
j i

n

i
i

n

i
i i

n

( ) = ( ) 


+ ( ) + ( ) ( ) + ( ) ( )[ ]

=

−

=

−

= +

−

=

−

= +

−

∑ ∑ ∑ ∑ ∑1
1

1

1

3

2

1

1

5

2

3

1
1

1

2

2 1

 ×

× X x X x X x X xi
i i

n

i
i

n l

i
i i

n l

i
i i

n

l

l l

3

3 2

1

1

2

2 1 12

1

1

1 2

2

3 2

2

1

( ) + … + ( ) ( ) … ( )
= +

−

=

+ −

= +

+ −

= +

−

∑ ∑ ∑ ∑
−

, (4)

de  l  = [ n / 2 ],  [  ⋅ ] — cila çastyna çysla,  X x
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.

MoΩna pokazaty, wo kil\kist\ dodankiv v odynarnij sumi formuly (4) doriv-

ng[  n – 1,  v podvijnij sumi — ( n – 3 ) ( n – 2 ) / 2!,  v potrijnij sumi — ( n – 5 ) ( n –

– 4 ) ( n – 3 ) / 3!, … ,  v  k-j  sumi — 

n k i
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k − +
=∏ 2

1 !
.

Kanoniçnyj znamennyk  Qn ( x )  moΩe buty podanyj u vyhlqdi [9]
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n
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V svog çerhu,  R xk s
n
,

[ ]( )   zadovol\nq[ rekurentne spivvidnoßennq
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Zhidno iz formulog Lejbnica poxidno]  m-ho porqdku dobutku dvox funkcij, z

(5) ma[mo, wo
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Krim toho, iz (7) vyplyva[ nastupna rekurentna formula:
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=
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Ocinka zalyßkovoho çlena dlq ILD Tile.  Rozhlqnemo ILD Tile [5, 7, 10]
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Koefici[nty  bk , k = 0, 1, … , n,  ILD (10) vyznaçagt\sq z umovy (2) nastupnym

çynom: abo obçyslg[t\sq poslidovnist\ obernenyx podilenyx riznyc\  Φk [ x0 ,

x1 , … , xk ],  k = 0, 1, … , n,  za formulog [4, 11]

Φk [ x0 , … , xk ] = 
x x

x x x x x x
k k

k k k k k k

−
[ … ] − [ … ]

−

− − − − −

1

1 0 2 1 0 2 1Φ Φ, , , , , ,
,    Φk [ x ]  =  f ( x ),

a todi  bk = Φk [ x0 , … , xk ], k = 0, 1, … , n;  abo za dopomohog rekurentnoho spivvid-

noßennq [9, 12]

b0  =  y0 
,      bk  =  
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1
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1
0

0

,    k  =  1, 2, … , n.

Teorema 1 ([4]).  ILD Tile (10) [ drobovo-racional\nog funkci[g.  Stepeni
mnohoçleniv kanoniçnoho çysel\nyka  Pn ( x )  ta kanoniçnoho znamennyka  Qn ( x )
zadovol\nqgt\ nerivnosti  deg Pn ( x ) ≤ [ ( n + 1 ) / 2 ],  deg Qn ( x ) ≤ [ n / 2 ].

Teorema 2.  Nexaj funkciq  f  ( x ) ∈  C (
 
n

 
+

 
1

 
)( [ α, β  ] ).  Za znaçennqmy funkci]

f ( x )  v toçkax mnoΩyny  Λ  pobudovanyj ILD Tile (10).  Todi dlq  zalyßkovoho
çlena ILD Tile ma[ misce nerivnist\
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de

d  =  β – α,      b b
i n
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,      ρ  =  
d

b*
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0

1
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.

Dovedennq.  U vypadku ILD Tile  Xj ( x ) = ( x – xj ) / ( bj  bj + 1  ).  Oskil\ky  Yj =

= ′ ( )X xj  = 1 / ( bj  bj + 1  )  dlq  j = 1, 2, … , n – 1,  i  X xj
k( )( ) ≡ 0,  koly  k = 2, 3, … , n –

– 1,  to formula (9) nabuva[ vyhlqdu
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Z (6) u vypadku ILD Tile ma[mo, wo
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n m
,1   =  0     pry  k  <  m. (13)

Krim toho, zhidno iz teoremog 1 u c\omu vypadku  deg Qn ( x ) ≤ l  i  B n
1
[ ]
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Ωyt\ vid  x,  tomu formula (8) perepyßet\sq tak:
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Znajdemo poxidni  ( )[ ] ( )( )R xk
n m
,1   pry  k = m, m + 1, … , l.  Koly  k = m ,  z (12) z ura-

xuvannqm (13) otrymu[mo, wo
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+

[ ] ( )1
1 1 .

Skorystavßys\ metodom povno] matematyçno] indukci], z formuly (12) moΩ-

na pokazaty, wo

( )+
[ ] ( )( )R xm s
n m

,1   =  m M xs
m s
n! ,

[ ]
+

[ ] ( )1 ,      s  =  1, 2, … , l – m,

de

[ ]
+

[ ]

=

+ − ( + )
[ − ]

+ − +
[ ] [ ]

+ − +
[ ]( ) = ( ) + ( )( )∑s

m s t
n

j t

n m s

j
s

m s j
n

j
s

m s j
nM x X M x Y M x, , ,

1 2
1

1 2 1 2 , (18)
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[ ] [ ] [ ]( ) = ( )s
s t
n

s t
nM x R x, , .

Formula (14) nabuva[ vyhlqdu

d

dx
f x Q x f x Q x

n

n n
n

n

+

+
( + )[ ]( ) ( ) = ( ) ( )

1

1
1  +

+ B C f x m M xn
n
m n m

m

l

k m

l
k m

k
n

1 1
1

1
1

[ ]
+

( + − )

= =

[ − ] [ ]∑ ∑( ) ( )! , . (19)

Todi

d

dx
f x Q x f Q x b C m M x

n

n n n
n

n
m

m

l

k m

l
k m

k
n

+

+ +
= =

[ − ] [ ][ ]( ) ( ) ≤ ( ) + ( ) ( )








∑ ∑

1

1 1
1

1
* *

,! . (20)

Zhidno z teoremog 1 [10]

Q x bn
n

n n

n( ) ≤ ( )
( + + ) − ( − + )

+

+ +

+
* 1 1 4 1 1 4

2 1 4

1 1

1
ρ ρ

ρ
. (21)

Znajdemo ocinky  
[ − ] [ ]( )k m

k
nM x,1   pry  k = m, m + 1, … , l.  Pry  k = m  z (15) ma[mo

[ ]
+

[ ]

=
( ) ≤ ( − − − + )∏0

2 2
1

1
1 2M x

m b
n i m jm i

n
m

j

m

,
*!

.

Pry  k = m + 1  iz formuly (17) otrymu[mo

[ ]
+ +

[ ]

= +

− −
[ ]

+
[ ] [ ]

+
[ ]( ) ≤ ( ) ( ) + ( )( )∑1

1 2
2

1 2
0

2
1

2M x X x M x Y M xm i
n

j i

n m

j m j
n

j m j
n

, , , . (22)

Koly  m = 0,  to z (22) ma[mo

[ ]
+

[ ]
+

[ ]( ) = ( ) ≤ ( − − )1
1 2 1 2 2 2M x R x

d

b
n ii

n
i
n

, ,
*

.

Pry  m = 1  z (22) vyplyva[, wo

[ ]
+

[ ]

= +

−
[ ]

+
[ ] [ ]

+
[ ]( ) ≤ ( ) + ( )( )∑1

2 2
2

3
0

1 2
1

1 2M x X M x Y M xi
n

j i

n

j j
n

j j
n

, , ,   ≤

≤  
2

2 4 34
2

3

4
d

b
n j

d

b
n i n i

j i

n

* *= +

−

∑ ( − − ) = ( − − )( − − ).

Za dopomohog metodu povno] matematyçno] indukci] dovedemo, wo

[ ]
+

[ ]

=
( ) ≤

( − )
( − − + − )∏1

2 2
1

1

1
2 1M x

k b
n i k jk i

n
k

j

m

,
*!

,      k  =  1, 2, … , l. (23)

U vypadku  k = 1, 2  formula (23) vykonu[t\sq.  Zrobymo prypuwennq, wo vona

ma[ misce pry  k = t.  Todi pry  k = t + 1  z (22) otrymu[mo

[ ]
+ +

[ ]

= +

− −
[ ]

+
[ ] [ ]

+
[ ]( ) ≤ ( ) + ( )( )∑1

1 2
2

1 2
0

2
1

2M x X M x Y M xt i
n

j i

n t

j t j
n

j t j
n

, , ,   ≤

  ≤ 
d
b t b

n j t l
b

d
t b

n j t lt
l

t

t
l

t

j i

n t

* * * *! !2 2
1

2 2
12

1 2
1

2 1
1

1
2 1( − − + − ) +

( − )
( − − + − )











= == +

− −

∏ ∏∑  =

=  
d

t b
n i t jt

j

t

!
*
2 1

1

1

2 1 1( + )
=

+
( − − ( + ) + − )∏ ,

tobto formula (23) ma[ misce i v c\omu vypadku.

ISSN  1027-3190. Ukr. mat. Ωurn., 2008, t. 60, # 11



OCINKA ZALYÍKOVOHO ÇLENA INTERPOLQCIJNOHO … 1553

Za dopomohog metodu povno] matematyçno] indukci] dovedemo, wo

  
[ ]

+ +
[ ]

( + )
=

+
( ) ≤ ( − − ( + ) + − )∏s

m s i
n

s

m s
l

m s

M x
d

m s b
n i m s l,

*
! !2 2

1

2 1 ,   s  =  0, 1, … , l – m.

(24)

Koly  s = 0, 1,  to formula (24) vykonu[t\sq.  Zrobymo prypuwennq, wo dana

formula vykonu[t\sq pry  s = k.  Todi pry  s = k + 1  z (18) otrymu[mo, wo

 
[ + ]

+ + +
[ ]

= +

− − ( + )
[ ]

+ +
[ ] [ + ]

+ +
[ ]( ) ≤ ( ) + ( )( )∑k

m k i
n

j i

n m k

j
k

m k j
n

j
k

m k j
nM x X M x Y M x1

1 2
2

1 2

2
1

2, , , .

(25)

Koly  m = 0,  to z (18) otrymu[mo

   
[ + ]

+ +
[ ]

+ +
[ ]

+

( + )
=

+
( ) ≤ ( ) ≤

( + )
( − − ( + ) + − )∏k

k i
n

k i
n

k

k
j

k

M x R x
d

k b
n i k j1

1 2 1 2

1

2 1
1

1

1
2 1 1, ,

*
!

.

Pry  m = 1  z (25) ma[mo, wo

[ + ]
+ +

[ ]

= +

− −
[ ]

+ +
[ ] [ + ]

+ +
[ ]( ) ≤ ( ) + ( )( )∑k

k i
n

j i

n k

j
k

k i
n

j
k

k i
nM x X M x Y M x1

2 2
2

3 2

1 2
1

1 2, , ,   ≤

≤  
j i

n k k

k
l

kd

b

d

k b
n j k l

= +

− −

( + )
=

+

∑ ∏


( − − ( + ) + − )
2

3 2

2 2 1
1

1

2 1 1
* *

!
 +

+ 
1

1
2 1 12

1

2 1
1

1

b
d

k b
n i k l

k

k
l

k

* *!

+

( + )
=

+

( + )
( − − ( + ) + − )

∏   =

=  
d

k b
n i k j

k

k
j

k+

( + )
=

+

( + )
( − − ( + ) + − )∏

1

2 2
1

2

1
2 2 1

! *

.

Koly  m = 2,  to

[ + ]
+ +

[ ]

= +

− −
[ ]

+ +
[ ] [ + ]

+ +
[ ]( ) ≤ ( ) + ( )( )∑k

k i
n

j i

n k

j
k

k i
n

j
k

k i
nM x X M x Y M x1

3 2
2

5 2

2 2
1

2 2, , ,   ≤

≤  
j i

n k k

k
l

k
d
b

d

k b
n j k l

= +

− −

( + )
=

+

∑ ∏


( − − ( + ) + − )
2

5 2

2 2 2
1

2

2
2 2 1

* *! !
 +

+ 
1

1
2 2 12

1

2 1
1

2

b
d

k b
n i k l

k

k
l

k

* *!

+

( + )
=

+

( + )
( − − ( + ) + − )

∏   =

=  
d

k b
n i k j

k

k
j

k+

( + )
=

+

( + )
( − − ( + ) + − )∏

1

2 3
1

3

1 2
2 3 1

! !
*

.

Zrobymo prypuwennq, wo (24) vykonu[t\sq pry  m = t.  Todi pry  m = t + 1  z (25)

ma[mo

  
[ + ]

+ + +
[ ]

= +

− − ( + )
[ ]

+ + +
[ ] [ + ]

+ + +
[ ]( ) ≤ ( ) + ( )( )∑k

k t i
n

j i

n k t

j
k

k t j
n

j
k

k t j
nM x X M x Y M x1

2 2
2

3 2

1 2
1

1 2, , ,  ≤

≤  
j i

n k t k

k t
l

k td

b

d

k t b
n j k t l

= +

− − ( + )

( + + )
=

+ +

∑ ∏
 ( + )

( − − ( + + ) + − )
2

3 2

2 2 1
1

1

1
2 1 1

* *
! !

 +

+ 
1

1
2 1 12

1

2 1
1

1

b

d

k t b
n i k t l

k

k t
l

k t

* *
! !

+

( + + )
=

+ +

( + )
( − − ( + + ) + − )

∏   =
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=  
d

k t b
n i k t j

k

k t
j

k t+

( + + )
=

+ +

( + ) ( + )
( − − ( + + ) + − )∏

1

2 2
1

2

1 1
2 2 1

! !
*

.

Formula (24) virna i v c\omu vypadku, otΩe vona virna pry dovil\nyx  s  ta  m.  Iz

(24) vyplyva[, wo

[ ]
+

[ ]
( + )

=

+
( ) ≤ ( − ( + ) + )∏s

m s
n

s

m s
l

m s

M x
d

m s b
n m s l,

*
! !1 2

1

2 . (26)

Z (3), (20), (21) ta (26) otrymu[mo (11).

Teorema 3.  Qkwo funkciq  f ( x ) ∈  C (
 
n

 
+

 
1

 
)( [ α, β  ] ),  za znaçennqmy funkci] v

toçkax mnoΩyny  Λ  pobudovanyj ILD Tile (10), çastynni çysel\nyky ta zna-
mennyky qkoho zadovol\nqgt\ umovu Sl[ßyns\koho – Prin©shejma, tobto  0 <

< x xi− −1  ≤ d,  bi  ≥ d + 1,  i = 1, 2, … , n,  d ≠ 1,  to ma[ misce ocinka

   f x
P x
Q x

d d
n d

f bn

n

n n
n

n n

n( ) − ( )
( )

≤ ( − )
( + ) ( − )

( ) 


( + + ) − ( − + )
+

+ + + +

+

1 1 1 1

1
1

1 1
1 1 4 1 1 4

2 1 4!
* * ρ ρ

ρ
 +

+ C
b i

n m i jn
m

m

l

m

i

i

l m

j

m i

+
= =

−

=

+

∑ ∑ ∏( − ( + ) + )
1

1
2

0 1

1
2

* !
ρ

, (27)

de  d,  ρ,  b* 
,  b*,  f *  vyznaçeni v umovi teoremy 2.

Dovedennq.  Zhidno z teoremog 2 iz [10], pry vykonanni vkazanyx umov vyko-

nu[t\sq nerivnist\

Q x
d

dn

n

( ) ≥ −
−

+1 1
1

.

Todi, iz umov dano] teoremy ta teoremy 2 otrymu[mo nerivnist\ (27).
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