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DETERMINATION OF MAGNETIC FIELD STRENGTH IN A LAYER OF
ELECTROTECHNICAL STEEL
Pelekh Roman, Ihnatyshyn Mykola

BU3HAYEHHSA HAITPY)XKEHOCTI MATHITHOI'O ITOJISI B IIAPI
EJEKTPOTEXHIYHOI CTAJII
Ilenex P. 5., Irmatnmma M1

This work is devoted to the determination of the periodic component of the magnetic field strength in a layer
of electrical steel. When constructing a mathematical model, the magnetic permeability is approximated by a
fractional rational function.

To calculate the magnetic field, a method of the fourth order of accuracy and two-sided method of the third
order of accuracy with an explicit estimate of the leading term of the local error without additional calculations
of the right side of the differential equation.

Keywords magnetic field, equations of electrodynamics, Cauchy problem, continued fractions, bilateral
approximations.

Cmamms npucesuena GUHAYEHHIO NePIOOUYHOI CKAAO08OI HANPYICEHOCI MASHIMHO20 NOJA 6 wapi
enekmpomexuiunoi cmani. Ilpu nob6y0oei mamemamuunoi Mooeni MASHIMHA NPOHUKHICb aANnpOKCUMYEMbCS
0p0H06010 PAYIOHAILHOIO PYHKYIEIO.

s po3paxyHky mMasHimuoeo nojisk GUKOPUCHAHO MEmOO 4emeepmozo HOPsiOKY MOYHOCI Ma 080CMOPOHHIN
Memoo mpemvo2o NOPAOKY MOUYHOCHI 3 S8HOI0 OYIHKOI 20/106H020 HleHA JIOKANbHOI NOXUOKU 6e3 000amKo8Ux
00yuUcIeHb npagoi Yacmunu OugepeHyianbHo20 PiGHAHH.

Knrouoei cnosa: macHimue none, piGHAHHA eleKMpoOuHamiky, 3aoaua Kowi, Henepepeni Opobu,
080CMOPOHHT HAOUINCEHHSL.

The modern development of methods for automated synthesis of MEMS at the circuit level
involves the study of mathematical models for the entire class of complex systems of various nature
[1]. In [2], new models were obtained for the analysis and synthesis at the circuit level of basic MEMS
devices based on differential equations, which describe the oscillatory processes present in real
physical systems [3].

In articles [4, 5], mathematical models are proposed for designing MEMS circuits: electrostatic and
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electromagnetic resonators, capacitive accelerometers of plate and counter-core structures,

thermomechanical, thermopneumatic, piezoelectric and pyroelectric actuators.

When studying applied problems, it is necessary not only to find an approximate solution, but also
to give a guaranteed estimate of the error of the result. The use of classical two-sided Runge-Kutta
methods leads to a significant increase in the amount of computations, since the construction of the upper
and lower approximations to the exact solution requires additional calculations (inversions) of the right-
hand side of the differential equation and, moreover, these methods do not give an explicit estimate of the
leading term of the local error [6-9]. One of the effective ways to construct such approximations is
continued fractions [10]. Continued fractions can be considered as one of the main algorithms for finding
Padé approximants [11, 12, 13]. Under appropriate conditions, the use of continued fractions gives a high
rate of convergence of algorithms, two-sided and monotonic approximations [10]. In [14, 15, 16], using
various Padé approximants, specific applied problems are investigated.

In this paper, a mathematical model is built to determine the periodic component of the magnetic
field strength in a layer of electrical steel, in which the magnetic permeability is approximated by a
fractional rational function. For calculations, a method of the fourth order of accuracy is proposed, as
well as a two-sided method of the third order of accuracy with an estimate of the main term of the error
at each point of integration. An explicit form of the principal term of the local error is written.

The method of research of mathematical models of physical systems which are directly applied at
designing and the analysis of parameters of microelectromechanical systems of various configuration is
developed.

To determine the magnetic field in a layer of electrotechnical steel, it is proposed to approximate

the magnetic permeability . =u(H) by a fractional rational function. The calculation of the magnetic
field strength for steel E43 has been performed.

Let us consider the problem of determining the periodic component of the magnetic field strength
in a layer of electrotechnical steel, on the surface z=0 of which the strength 1 ={0,Hgsin(2zvt),0}
IS maintained, where v is the frequency, z is the thickness coordinate, t is the time.

We will proceed from Maxwell's equations neglecting the displacement currents. Then we get the
equation [17, 18]

oH  &°H
H)—=—1, 1
ou( )at 072 (1)
dB(H) . _— . . .
where  u(H)= i ,B=B(H) Iis the magnetic field induction, o— electroconductivity

coefficient with boundary conditions
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H(0,t) = Hgsin(2zvt), H(1,t)=0, (2)

and also with periodicity condition

H(z,t+T)=H(zt). (3)

Here T =1/v is the oscillation period of the electromagnetic wave, | is the layer thickness.

DependenciesB=B(H) and u=u(H) are non-linear. For steel E43, they are shown by solid lines on

Fig.1 and Fig.2.

However, this does not always accurately reflect the qualitative nature of function .= u(H)
changes. When solving problem (1)-(3), we will approximate the dependence .= u(H) by fractionally
rational function of the form

1+ AH? (@)

s(H) = o thnit ——————
“(H) " AHZ ¢ AH

The constants A (i=1,2,3) in relation (4) are determined from the conditions

du(H
E(Hm):ﬂmaxﬂo’%:o’
dzﬂ(Hm) .
_T<O,JTwB(H):BS, %)

which determine the features of the experimental dependences x=u(H) and B=B(H). Here g,
IS the magnetic constant, i,i;and ., are respectively, the initial and maximum relative magnetic
permeabilities of the material, H, is the value of the magnetic field for the maximum magnetic

permeability, B, is the saturation induction. We will obtain

2
A = K? -G -K A ﬂinit(Ale+2)_2/1max
a7 = !
a ,UmaxHr%
A = ﬂmax_,ULnit , (6)
ﬂmame
where
2 As 2 2
K=a ,/As—m, G=A3(a —24;’A3+2Hmﬁg),
o = ZHokinit M = Hmax
2Bg Hinit

Note that in the case of large values of the magnetic field strength, approximation (4) can be

approximately written in the form

ﬂi?itﬂo
H) = Hinitko 7
#(H) 1+ AH? %
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For this case, the dependence of the magnetic field induction on the strength will be the Mueller
dependence formula well known in the literature [18]

B = Barctan JAH, (8)
and the approximation coefficients will take the form:

B = tinittioNA, A:%' Hiit Z%ﬂinit'

The graph of the function x(H), which is determined by the formula (7) for steel E43, is shown
in Fig. 2 by a dashed line.
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Fig. 1. Dependences of magnetic field induction determined by formula (7) and experimental data
for steel E43.
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Fig. 2. Dependences of magnetic field strength determined by formula (6) and experimental data
for steel E43

Let us pass in problem (1)-(3) to dimensionless quantities:
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t=wt f = é y u= i ’
) I Ho
H
b= _ B ) p(u)= E( ) .
HotinitHo Ho Hinit

Then the original equation (1) takes the form

ou %
272/1(U)E=a? , (9)

where
1+ algu2 .
> >—»in dependance of (4)
1+a,eu” +a46°U
u(u)={ 7T T (10)
— 9 for dependance (7)
az + a3EU

The boundary conditions and the periodicity condition take the form

u(0,t)=sin(t), u(Lt)=0, (11)
u(zt+27)=u(zt). (12)
Here

A R _5s
& az’aZ o2 a3 P
£=(aH, ), y? = mottpigsigv 12 (13)

After discretizing with respect to the spatial variable, we reduce problem (9), (11), (12) to a

system of ordinary differential equations:

2 2,4
1+ayeu; (t)+2ag€ u; (t) for (4)
du; (t) _ 1+aeuf (t) (14)
dt a, + ageu? (t) for (7)

&
with the initial condition
U (t)=sin(t), 4 (0)=0, i=LN-1, uy(t)=0,

where N is the number of splitting points of the interval [0, 1].
Let us consider problem (14)-(15) in a more general setting, namely, as a system of nonlinear

(15)

differential equations of the first order:

V' (%)= F(x.9), V(%)= Yo, xe[¥g % +L], (16)

where
[¥0:% +L]=R, y(x)eR®, T:[%,%+LxR® >R,
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and the function f has the necessary smoothness for calculations. To reduce the cumbersomeness

of the records, we present approximate solutions of problem (16) in the scalar case, since they are
transferred to systems of differential equations componentwise. Using the theory of construction of

Runge-Kutta methods [19], we look for the approximate solution of problem (16) in the form of a
continued fraction [20, 21]:

ylid =y QRN 17
where
k-1
1 g4 k0
s 1+ Ok
1+.'.+ Ok, 1-1
1+0qy,

Expressions for g, incase k+1=1(1)4 (k=1(1)4; 1=0(2)3) are

i
do,0 =1 G0 :_z Gi—m,0 '(;_m' i 21(1)41 Yn # 0,

m=1 n
Ov+1,0 _
Qui=———"—» v=123 0,2=0u11- 01 H=12
qv,O
dz,2 3
Q3= quql—'zl Om = hz CriKi, M :1(1)4: (18)
’ i=1

i-1 i-1
ki = f () +aih, yo +hD Bik;), o =D B
j=1 j=1
The method of the fourth order of accuracy

At different values of kandl (k+1=4;k =1(14, 1 =0(1)3), methods of the fourth order of accuracy are

constructed.

We give one set of values. If o, =, We have

1 1 1 1
Oy =03=—, ;=1 =, =-—T
2= =2, % Bo1 > Ba1 2 2P

532=i: Ba1=0, Bz =1—Py3. (19)
2B43

1
Ci1=1 Cp=-1 cp=1 C3l:Ev

1+Pg3 _Baz

C33

C3p =— , , C34=
32 3 3 Cas

o~

. (e =0, =2.3,4c3=Cpy =04 =0, =1(1)4),
where B,; — the parameter is different from zero.

When put 43 =1, we get the specific values of the parameters c;, o;, ;s
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a, =12,  ag=Y2, a,=1 PBn=Y2,

B3y =0, B =1/2, Ba1=0, Baz =0,

Baiz=l c1=1 ¢p=ci3=c14=0,

ey =-1 cp=1 5 =16, c5=—-2/3, (20)

c3a =13, 3 =16, ¢4 =0, (j=11)4).

Two-sided methods of the third order of accuracy

Many scientific works is devoted to the construction and study of bilateral methods of various
accuracy. At the same time this leads to the complexity of the algorithm and, accordingly, to an
increase in the amount of computation. For example, for the implementation of two-sided third-order
accuracy methods, at least 6 (six) calls to the right-hand side of the differential equation at each nodal
point are necessary [7, 8, 9].

These calculation formulas are constructed so that the local errors in the circuit at each node
point:

Y(Xne1) - YEN = 0hPKF (£) +O(h P,

where y(x,,;) and y is the exact and approximate solution of the problem (16), h is the

n+l
integration step, F(f) is a certain differential operator, calculated at the point(x,,y,), K is a constant,
and p is the accuracy order, o is a two-sided parameter. Here is the value of the parameters for o, = a;:

1 1

1
o =0y =2, BZl:E , B31=E——’

1
Bax=—— oa=Ll PBs1=0 Pap=1-Pa3,
2B43

Ci=l CGp=C3=Cu=0, Cn=-1 Cp=1

- 1
Cap = 20(Bag —2)—5(1+ Bas)

~ 1 - 1 - - - ~
C33 = §B43 (l— 60)) y C34 = E + 20, Cq1 = —20, Cpp = 20)(2 —B43), Cy3 = 2B43w, Caq = —2m,

where p,; — the parameter is different from zero.

When put g,; =1, we get the specific values of the parameters:
=12, az=Y2,  oy4=1 Byu=Y2

Bar=0,  PBxp=12, Bu=0 Bsp=0

Baz=1 C1=1 &Cp=C3=C4=0,
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. . - - - 1

Co1 = -1, Coo =1 Co3 =Coy = 0, C31 = g + 2,
- 2 - 1 - 1

Cap=———20, C33=—-20, C(33=—+20,
32 3 33 3 34 6

e =20, Cgp=20, Cg3=20, Cg=-20. (22)

The local error estimate is as follows (k=4,1=0):

Vo1 — Yot = hé@uki :

This bilateral formulas use at each step of integration less than the right-hand side of the
differential equation in comparison with known two-sided methods such as Runge-Kutta. For example,
for the implementation of two-sided third-order accuracy methods, at least 6 calls to the right-hand side
of the differential equation at each nodal point are necessary [6-9].

The proposed formulas, using only four references to the right-hand side of a differential
equation, make it possible to obtain not only a method of the fourth order of accuracy, but also bilateral
formulas of the third order of accuracy.

Calculations for the magnetic field strength were carried out for E43 electrical steel, the
characteristics of which are as follows [13]:

Linit =600, fimay = 9000, Bg =2,07, H,, =30.

Then a =713610, a, =41238,18, a3 =10752490.

For these values & (i=123), the graph of the function B=B(H), that corresponds to the
dependence = u(H) according to formula (4) is shown in Fig.1 by a dashed line. Figure 1 shows that
the proposed function with sufficient accuracy for practice approximates the dependence B=B(H) for

steel E43.

Based on numerical calculations, a harmonic analysis was carried out. Let us present the results
of studying the distribution of the amplitudes for the magnetic field strength over the layer thickness for
the chosen approximations (5), (6) for y =6.

In Fig. 3 and Fig. 4, solid lines show (in the case of dependence (5)) the distribution of the
amplitude of the first harmonic of the magnetic field strength for ¢=0;0,0001;0,001;0,01;0,1 and,
£=0,2;1,;10,100;1000

respectively. As can be seen from the figures, when changing ¢ from 0 to 0,2, the distribution of
the field has a near-surface character, and the greatest isat £=0,2. For &>0,2 the degree of attenuation

of the magnetic field decreases, i.e. the distribution becomes more linear.
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i

0 0,5

Fig. 3. Distribution of the amplitude of the first harmonic of the magnetic field strength at
£=0;10"10"31072,10%.

)

0,5

N

0

Fig. 4. Distribution of the amplitude of the first harmonic of the magnetic field strength at
£=0,2;110;10%10°.
The graphs of the distribution of the amplitudes of the third harmonic of the magnetic field

strength for the same parameter values are shown by solid lines in Fig. 5 and Fig. 6, respectively.

o
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e=10~%
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0,05} 10-2
107!
z
0 0,5 i

Fig. 5. Distribution of the amplitude of the third harmonic of the magnetic field strength at

£=0;10%10"3102,10%.
In Fig. 4 and Fig. 6, for comparison dashed lines show, the distributions of the amplitudes of the

51



Mixknaponuuii HaykoBuii )xypHain «OCBITA I HAYKA». Bunyck 2(33), 2022 http://msu.edu.ua/

first and third harmonics of the magnetic field strength are plotted for £=0,2;1;10,100;1000, which are
found from dependence (7). Note that for £=100 and &=1000 these graphs are the same.

A Us

0,1

0,05

0= 05 g

Fig. 6. Distribution of the amplitude of the third harmonic of the magnetic field strength at
£=0,2;1;10;10%,10°.

It can be seen from the analysis of the results that the difference between the solutions of

equation (9) at different ., determined from (10) decreases with increasing . So, for £>01 it

becomes less than 3%, and for £>100 — less than 1%.
This means that when determining the electromagnetic field in ferromagnetic bodies for weak

fields, it is necessary to use the approximation u=u(H) determined by formula (4). In the case of

strong fields, formula (7) can be used.

V. Conclusions

A mathematical model is proposed for determining the periodic component of the magnetic field
strength in a layer of electrical steel, in which the magnetic permeability is approximated by a
fractional- rational function.

To study the constructed model, a method of the fourth order of accuracy is proposed, as well as
a two-sided method of the third order of accuracy. In addition, explicit estimates of the main terms of
the local error are written, which are obtained without additional references to the right-hand side of the
differential equation.

The proposed method is a embedded [22, 23] method of order of precision 4(3) with a two-sided
estimate of the error at each point of integration.

The bilateral calculation formulas allow at each integration step to reduce the number of calls to

the right-hand side by 25% in comparison with the traditional two-sided Runge-Kutta methods.

The above calculation formulas at each integration point can provide several approximations to
the exact solution, the comparison of which provides additional information for choosing the
integration step.

The results of the work were used to construct rational modes of processing ferromagnetic
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elements of structures such as plates.

These conclusions, arising from the study of mathematical models of field distributions, must be
taken into account when analyzing and synthesizing the parameters of the corresponding technological

micro-electromechanical systems at the design stage.
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ABTOMATMU3ALIA MIHEBMOITPUBOAY AJIS NIABUILIIEHHS
EHEPI'OE®EKTUBHOCTI, PECYPCO3BEPEXKEHHS TA AKOCTI TEXHOJIOT'TYHHUX
JITA TIPU BAKOHAHHI ®OPMOTBOPEHHS
Pocyn P.B., Pocyn O.P.

AUTOMATION OF PNEUMATIC ACTUATOR TO INCREASE ENERGY EFFICIENCY,
RESOURCE SAVING AND QUALITY TECHNOLOGICAL ACTIONS WHEN
PERFORMING SHAPING
Rosul Ruslan, Rosul Oleksandr

B pobomi posenanymo axi enacmugocmi 63ymms € GUHAUANbHUMU OJiA AKICHO20 OPMYBaHHA Oemanell
6epxy 3acobamu WHypoB8oi 3amadicKu, ceped AKUX HAUOINbUL 8ACOMUMU € MEXHON02IUHe HABAHMAICEHHS HA
CHYUKULL CUNOGUIl enemenm, GIOHOCHE NOO0GICEHHsI Mamepiany 6epxy, Koegiyicnmu mepms 6 cucmemi
,, Olagppazma-mamepian-konooka”, 2ceomMempudHi napamempu HOBEPXHI KOJIOOKU, CMYNIHb  PO3NOOLTLY
HOPMANbHUX MUCKIE 3 OOKY NPYAHCHUX Oiaghpazm, weUOKicmsb 3MIWeH s 3amANCHOI KpomKu ma inw. 3pobaena
cnpoba YOOCKOHANIeHHs OONIAOHAHHA 3 MemOoN 3anobieaHHs NepeBaHmMANCeHHs O00NAOHAHHA Ol WHYPOBOT
3AMAACKU, A MAKOHC 0I5l 30LNbUIEeHHA MePMIHY 1020 eKCNLyamayii npu mexHoN02iUHOMY 3VCUILL HA WHYD, AKe
He noeunHo nepesuwysamu 250H. Bcmarnosneno, wjo npu 6UKOHAHHI MeXHON02IuHOI onepayii Gpuxyitinoi
WHYPOBOI 3aMANCKU 3A20MOBOK 6epXy 63yMms OOYilIbHO NO0Aeamu MUCK ) NHEBMOCUCMEMY 6 [Hmepeani
1,5+2,0mlla 3 o0OHOUACHUM BUKOPUCMAHHAM 2ymMu Oasa Odiagpacm 3 HeBUCOKUM MOOYIeM NPYHCHOCHI.
Pospobaena oOocniona ycmamnoexka 01s WHYPOBOI 3amsdicKu 3 QPUKYILIHOIO  0OMAICKOI0 0AE  3MO2Y
oocnioxcysamu onepayii 3ama2yeanHs ma QopmyeanHs oemainell epxy 63ymms 3 00CMAMHbOI MOYHICMIO.
Ilpu yvomy 30ilicHioembes i cam npoyec nepemilyerHs ereMeHmapHux OLIAHOK mamepiany 6i0N08iOHO 00
OMPUMAHUX 308HIWHIX HABAHMANCEHb | GHYMPIWHIX Hanpye, mobmo 8i00ysaemvcs oOpMOYMEOPEHHS BepXy
e3ymmsi. [ niOGUWEHHsT MOYHOCI NPUNISeAHHA T 3a0e3NeUeHHs PIBHOMIPHO20 MUCKY diagpaem, 30i1bluieHHS
weuokocmi npoyecy 3amaicKu HeoOXiOHO 3acmocy8amu HAOIUHULL | MOYHUL MeXAHiZM nepemiujenHs.
@dpuryitinux pamox 3anpononosana Hamu iHHOBAYIUHA cXeMa NHEEMONPUBOOY, NPUSHAUEHO20 OISl YNPAGTIHHSA
pobomoio ppukyiinumu pamxkamu ma 30IUCHEHHS HUMU OPUKYILIHOT 0OMANCKU 3a20mosKu. Takum YuHoM,
NpoaHanizy8asuitt MexHOA02IYHI | MEeXHIUHI napamempu, MOJICHA CMBEPOAHCYBAMU, U0 OCHOBHUMU Nepesazamu
NHEeBMONPUBIOHOI CUCmeMU € HPOCMOMA, HAOIUHICMb, 008208IUHICNb [ E€KOHOMIUHICMb, SKI 00YMOG/eHi
OOHOKAHAILHUM HCUBTIEHHAM (8IONpAYbOBaHe NOBIMPs. BUNYCKAEMbC 0Oe3nocepedubo 8 ammocgepy 0Oe3
8I0GIOHUX MPYOONP0B00I8) I OCUEBUZHOIO CAMO20 POOOHO20 cepedosuna (NoGimpsi).

Kntouoei cnosa: ycmanogxa, eéepx eymms, oiagpacma, npusio, epeoHOMIYHI 61ACMUBOCMI, 3YCUILIA,
Odepopmayis, GpuKYItHG WHYPOBA 3AMANCKA, MEXON02IUHI GIACMUBOCI, NPUCMPIU, QPUKYIUHI pamKu,
cmucHene nosimpsi, 001A0HAHHA.

What properties of shoe are in-process considered there is qualificatory for the quality forming of
details of top facilities of the cord wearing out, among that most ponderable is : the technological loading on a
flexible power element, relative lengthening of material of top, coefficients of friction in the system shoe
"diaphragm-material-tree”, geometrical parameters of surface of shoe tree, degree of distribution of normal
pressures from the side of resilient diaphragms, speed of displacement of the protracted edge and npou. a size
and direction of appendix technological loading have Especially large influence on cord, as exactly it determine
size and distribution longitudinal and transversal deformation purveyance. Equipment for implementation of
technological operations of the cord tightening with the friction covering, created by the improvement of pilot
plant and application. Therefore this important factor must be taken into account yet on the stage of planning of
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